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The model describing market dynamics after a large financial crash is considered in terms of
the stochastic differential equation of Ito. Physically, the model presents an overdamped Brownian
particle moving in the nonstationary one-dimensional potential U under the influence of the variable
noise intensity, depending on the particle position x. Based on the empirical data the approximate
estimation of the Kramers-Moyal coefficients D1,2 allow to predicate quite definitely the behavior
of the potential introduced by D1 = −∂U/∂x and the volatility ∼
√
D2. It has been shown that the
presented model describes well enough the best known empirical facts relative to the large financial
crash of October 1987.
PACS numbers: 89.65.Gh, 02.50.Ey, 05.40.-a
I. INTRODUCTION
The dynamics of the financial markets has been at-
tracting attention of the physics community for two
decades [1, 2, 3, 4]. During this time a large volume
of the empirical researches has been done. Of specific
interest is the investigation of the behavior of the market
in the time periods of the large financial crises when the
statistical properties of the market are drastically distin-
guished from its properties in quiet days [3, 5, 6, 7]. The
empirical analysis has found the occurrence of a number
of peculiarities in market dynamics appearing in these
periods. Originally they have been revealed when in-
vestigating the large financial crash on 19 October 1987
(Black Monday) at New York Stock Exchange. However
these peculiarities are not specific for October 1987 and
have been later revealed in the financial crashes of 1997
and 1998 years for different countries and Exchanges [7].
Firstly, it has been established that the large finan-
cial crashes are outliers which are not possible within the
scope of the typical price distributions. For their realiza-
tion the complementary factors absent in quiet days are
needed [5, 7].
Secondary, the emergence of the certain periodic pat-
terns in the dynamics of the different financial assets are
detected both before the crash, and immediately after it.
In particular, a log-periodic oscillations in time evolution
of the price of an asset appear before the extreme event
[7, 8, 9, 10, 11, 12]. The aftershock period is charac-
terized by an exponentially decaying sinusoidal behavior
of a price [7, 8]. The characteristic behavior of volatil-
ity is also revealed after the crash. In the moment of
the crash of October 1987 the implied volatility of the
S&P500 index makes a shock and then sharply decays as
power law decorated with log-periodic oscillations [7, 8].
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In the day of the maximum drop the central part of the
empirical return distribution moves toward negative re-
turns and then begins to oscillate between positive and
negative returns [6].
At last, the relaxation dynamics of an aftercrash pe-
riod is characterized by what is termed as the Omori law
which shows that the rate of of the return shocks larger
than some threshold decays as the power law with expo-
nent close to 1 for different thresholds [13, 14].
There are a large number of works devoted to the mod-
eling of the market dynamics immediately before crash
[7, 8, 9, 10, 11, 12, 15, 16] (see also references in the
article of Sornette [7]). These works based on the em-
pirical observations exploiting the analogy with critical
phenomena have been directed to the investigation of a
possibility of predictions of the large financial crash on
the base of the modeling of the dynamics of different fi-
nancial indexes (S&P500, DJ, etc).
The ”microscopic” approach has been suggested in the
work [17] where the model of the market dynamics taking
into account a possibility of occurrence of the crash is
developed. In physical terms, the model is reduced to
a motion of a Brownian particle in the stationary cubic
potential and crashes are considered as rare activated
events.
In Refs. [18, 19] the generalization of the above model
has been suggested for the case of the stochastic volatil-
ity which was considered within the scope of the modified
Heston model. Physically, the model represents an over-
damped Brownian particle moving in the stationary cu-
bic potential under the influence of the fluctuating noise
intensity.
Since the statistic properties of the volatility in the
Heston model are uniform in a time [20], both the above
models describe the uniform stochastic process. In fi-
nancial terms, this means that statistic properties of the
market are the same regardless of where market is ei-
ther in normal regime or close to a crash. It seems this
is poorly consistent with the assertions that crashes are
outliers and the statistic properties of the market are
2drastically change in extreme days [5, 7]. While within
the scope of Brownian motion the assertion that crashes
are outliers and strong nonstationarity of the market re-
vealed in extreme days [6] lead to the conclusion that an
”external” time-dependent potential perturbing the sta-
tionary potential profile, in which a fictitious Brownian
particle moves in the case of typical days, is triggered in
the vicinity of the crash. It is likely the appearance of
such potential could be traced developing the microscopic
approach in the spirit of the work [17]. It is worth saying
that the authors of this work have also noted that in the
vicinity of a crash additional market mechanisms , which
have not been considered in [17], must be taken into ac-
count to remove divergences emerging in their model of
the aftershock dynamics.
Another way to detect the influence of the ”external”
nonstationary perturbation is to analyze the empirical
data concerning the extreme events. It is such approach
that will be considered in the given work for the modeling
of the market dynamics during the large financial crash
of October 1987.
The paper is organized as follows. In Sec.II in terms
of the stochastic differential equation (SDE) Ito we con-
sider the model describing the market dynamics during
a crash. Sec.III is devoted to the analysis of the empiri-
cal data and the estimation of the Kramers-Moyal coeffi-
cients. In Sec.IV the discussion of results and conclusion
are given.
II. THE MODEL
We consider the model in which immediately before a
crash and in the short aftercrash period the dynamics of
a financial assets is described by the SDE Ito:
dx = D1(x, t)dt +
√
D2(x, t) dW (t), (1)
D1(x, t) = −∂U(x, t)
∂x
, (2)
where x(t) = lnS(t+1)/S(t) is the daily log-return, S(t)
is the price of the asset at time t, W (t) is a standard
Wiener process, D1 and D2 are the drift coefficient and
the diffusion coefficient, respectively. Physically, Eq. (1)
describes a motion of an overdamped Brownian particle
in a potential U(x, t) [21], introduced by Eq. (2),with a
variable noise intensity depending on a particle position.
Like the specific models considered in [17, 18, 19] Eq. (1)
presents a Markovian process.
As it has been noted above in the moment of the crash
of October 1987 the implied volatility of the S&P500 in-
dex makes a shock with subsequent relaxation to its be-
foreshock level during several weeks. Simultaneously af-
ter the index decline, its ”stabilization” is approximately
reached within the same time [7, 8]. All this allows to
consider that a peculiar synchronization of their move-
ments occurs during the crash. In turn, this circumstance
makes it possible to assume that in this period the asset
FIG. 1: The time evolution DJ and NASDAQ indexes.
volatility can be considered as a function of the return
x and employ the one-dimensional model (1) with the
variable diffusion coefficient D2(x, t) being a measure of
the volatility.
As it is known [21] the coefficients D1 and D2 from
SDE (1), defining the the stochastic process x(t),coincide
with the Kramers-Moyal coefficients and are given by the
equations
Dk(x, t) = lim
τ→0
1
τ
Mk(x, t, τ) (k = 1, 2) (3)
Mk(x, t, τ) =
∫
dx′(x′ − x)kP (x′, t+ τ |x, t), (4)
where P (x′, t+ τ |x, t) is the conditional probability dis-
tribution function of x(t).
Originally, within a financial context, the method
of the estimation of the Kramers-Moyal coefficients di-
rectly from the empirical data has been given in Refs.
[22, 23].Further this method has been applied to differ-
ent financial assets and exchange rates [24, 25, 26, 27, 28,
29, 30]. In all cases the underlying stochastic process is
supposed to be stationary (uniform) and the reconstruc-
tion the drift coefficient D1 from the empirical data gave
the linear dependence on corresponding return. Accord-
ing to Eq. (2) this leads to the parabolic potential for
a fictitious particle that is typical for the quiet market
periods. Here we shall consider the estimation of the co-
efficientsDk for the case of the extreme events of October
1987 when the market was in a substantially nonstation-
ary phase [6].
III. THE ESTIMATION OF KRAMERS-MOYAL
COEFFICIENTS
”From the opening on October 14, 1987 through the
market close on October 19, major indexes of market
valuation in the United States declined by 30 percent or
more. Furthermore, all major world markets declined
3FIG. 2: The reconstruction of the potential U . In the figures (a) and (b) the potential surface is viewed from two mutually
opposite sides
substantially in the month, which is itself an exceptional
fact that contrasts with the usual modest correlations of
returns across countries and the fact that stock markets
around the world are amazingly diverse in their organiza-
tion ” [7, 8]. In Fig. 1 the time evolution of two financial
indexes DJ and NASDAQ characterizing different sec-
tors of USA economics are given. Practically identical
dynamics of these indexes during the crash is seen from
Fig. 1 Such behavior is not accidental and is well con-
sistent with the assertion that large financial crashes are
caused by appearance of substantial cooperation in the
behavior of different markets over the world and local
self-reinforcing imitation between traders [7]. These two
circumstances led to the substantial synchronization in
the dynamics of different financial assets simultaneously
traded both in the common market and in different ones,
that Fig.1 shows. These circumstances allow to suggest
also that log-returns of different stocks simultaneously
traded in markets during the crash have the identical
statistical properties and to consider the probability dis-
tributions of the whole ensemble of such stocks. Actually
this approach has been used in Ref. [6].
In accordance with the above said we consider the en-
semble which consists of n = 467 stocks traded in Stock
Exchanges NYSE, NASDAQ and AMEX in the period
from 13 October to 13 November 1987 [31] each charac-
FIG. 3: The reconstruction of the diffusion coefficient D2.
terized by the daily log-returns
xi(t) = ln
Si(t+ 1)
Si(t)
i = 1, 2 . . . n ,
where Si(t) is the close price of i - th asset on day t and
the time is measured from the moment of the crash of 19
4FIG. 4: The potential surface U given by Eq. (7)
October.
Apart from the assumption that during the crash the
statistic properties all xi(t) are identical we shall intro-
duce a fictitious index S∗(t) and consider the empirical
data xi(t) (i = 1, 2, ...n) as the set of ”experimental” val-
ues of the log-returns of this index detected at moment t.
Further the estimation of the Kramers-Moyal coefficients
will be performed just for the index S∗(t) with log-return
x(t).
According to Eq. (3) the calculation of the coefficients
Dk includes the operation of taking the limit τ → 0.
For the case of the high-frequency sampling a sufficiently
exact estimation can be obtained merely as ratio
Dk(x, t) ≃ Mk(x, t; τ)
τ
(τ → 0) (5)
On the long time scale with the minimal step τ = 1
day, Eq. (5) can be broken down. Nonetheless, the rough
but, as it will be seen later, giving definite information
estimate of the coefficients Dk can be also obtained in
this case at τ = 1. Actually the approximation is used,
meaning an extension of the linear dependence on the
long time scale:
Mk(x, t; τ) = τDk(x, t) (0 6 τ . 1) (6)
Thus the estimate of the Kramers-Moyal coefficients
has been taken from equality Dk(x, t) = Mk(x, t, ; τ =
1). For the calculation of the conditional moments
Mk the empirical conditional densities P (x2t2|x1t1) =
P (x2t2, x1t1)/P (x1t1) (t2 > t1) have been first found
where P (x2t2, x1t1) and P (xt) are the joint two-point
probability density and the one-point probability den-
sity, respectively. Then the numerical integration has
been performed in Eq. (4). Once the coefficient D1 has
been found the potential U is determined from Eq. (2).
The results of the calculations of U and D2 are shown in
Figs. 2 and 3.
The periodic structure of the potential surface is
clearly distinguishable in Fig. 2. In the regions x > 0
and x < 0 alternation of wells and hills is observed, the
sizes of which rapidly decrease with time. The periodic
structures of these two regions are displaced in relation
to each other so that at the displacement along x axes a
well in the range x > 0 transfers to a hill in the range
x < 0 and conversely. At t = 0 there is the well of the
largest depth in region x < 0 corresponding to the mo-
ment of the crash. The behavior of the potential surface
with indicated features reconstructed from the empirical
data is well enough reproduced by the smooth surface
presented in Fig. (4) and given by the equation:
U(x, t) = φ(x, t)
{
A sinωx e−αx+β1t, t < 0
B sinωx sin(ω1t+ b) e
−αx−β2t, t > 0,
(7)
where
φ(x, t) = 1− a x1/3 e−γ|t| (8)
The potential U presented by Eq. (7) exponentially de-
cays with time and included trigonometrical functions re-
produce the observed periodic structure. Function φ(x, t)
is largely used for the smooth joint of two surfaces from
Eq. (7) at t = 0 and rapidly goes to one with the increas-
ing |t|. The parameters Eqs. (7) and (8) are determined
by comparison with the reconstructed surface on the base
of the least-squares method and presented in Table I.
The reconstruction of the diffusion coefficient D2(x, t)
is shown in Fig. (3). Qualitatively the behavior of the
diffusion coefficient is quite definite, in spite of the occur-
ring irregularity. At the moment of the crash D2 makes a
shock with subsequent relaxation to its beforecrisis level
within a month. In Fig. (5) such behavior is reproduced
5TABLE I: Parameters of Eq.7
A B ω ω1 α β1 β2 a b γ
8.6 · 10−3 1.4 · 10−2 3.9 1.0 0.6 0.5 0.1 0.96 2.5 0.9
TABLE II: Parameters of Eq. (9)
A B p
7.6 · 10−3 9.3 · 10−4 0.57
by the smooth surface with the equation
D2(x, t) =
{
At−p, t > 0,
B, t < 0 ,
(9)
As before the parameters of Eq. (9) have been defined by
the least-squares method and given in Table II.
IV. DISCUSSION AND CONCLUSION
In previous section we have estimated the Kramers-
Moyal coefficients D1 and D2 from the empirical data. In
spite of the sufficiently rough estimate,the reconstructed
surfaces for the potential U(x, t) and the diffusion co-
efficient D2, presented in Figs. 2 and 3, can be quite
definitely approximated by the smooth surfaces with the
needed properties.
Firstly, it has been noted in Introduction that in the
aftercrash period the center of the empirical return dis-
tribution oscillates between positive and negative returns
[6]. Evidently it is the periodic structure of the potential
surface presented in Fig. 4 that provides such behavior.
Secondly, on the base of Eqs. (1) and (2) with U and
D2 from Eqs. (7) and (9) the time series of the index
S∗(t) has been generated. Its time evolution is presented
Fig. 6 by the solid line. It has been obtained by averaging
over 150 the simulated trajectories yielding the initial
index decline greater than 25% . As it has been noted
in the early observations [8] the aftercrash time behavior
of the S&p500 index is characterized by an expotentially
decaing sinusoidal function. In our case the generated
data fit well enough with the function
S(t) = (A1 e
−α1t +A2 e
−α2t) sin(ωt+ γ) +A0 , (10)
incorporating the superposition of two the exponential
functions with the different exponent α1 and α2. (the
dashed line in Fig. 6). The parameters of Eq. (10) have
been defined by the least-squares method and given in
Table III.
Thirdly, as follows from Eq.(9) at the moment of the
crash volatility ∼ √D2 makes a shock and further decays
to the aftercrisis level as power law with the exponent ap-
proximately equal to 0.3. The similar behavior has been
also detected for the implied volatility of the S&P500
index (with exponent approximately equal to 1.) [8].
FIG. 5: The behavior of the diffusion coefficient D2 given by
Eq. (9).
FIG. 6: The time evolution of the fictitious index S∗(t). The
solid line has been obtained by averaging over 150 the sim-
ulated trajectories yielding the initial index decline greater
than 25% . The fit with Eq.(10) is shown by the dashed line.
Finally, we have examined the fulfillment of the Omori
law within the framework of the given model. To this
end the cumulative number N(t) of the log-returns in in-
terval [0, t], whose absolute values exceed a given thresh-
old value ℓ has been calculated for different t. As it is
seen from Fig. 7 the generated data are described well
enough by power law t1−Ω, that is characteristic for the
Omori law, with Ω = 0.626 for the threshold ℓ = σ and
Ω = 0.704 for ℓ = 1.5σ where σ = 0.0685 is the standard
deviation of log-return x(t) computed over the entire pe-
riod of 25 days. The values of Ω are well consistent with
the data found by Weber at al [14].
TABLE III: Parameters of Eq. (10)
A0 A1 A2 α1 α2 ω γ
0.787 0,05 0.031 0,09 0,64 1 - 2.41
6FIG. 7: Cumulative number N(t) of log-returns in interval
[0, t], whose absolute values exceed a given threshold value ℓ
for ℓ = σ and 1.5σ, where σ = 0.0685 is standard deviation
of log-return x(t) computed over the entire period of 25 days.
The generated data are shown by circles, the solid lines are
power law fits.
Thus the presented model, it seems, allows to describe
the best known empirical facts relative to the aftercrash
dynamics. To some extent this circumstance can serve as
validation of performed estimation of the Kramers-Moyal
coefficients.
In conclusion, the given work originates from the em-
pirical observation that the large financial crashes are
outliers and during the crash the statistic properties of
a market are drastically changed in comparison with its
typical properties. Based on these observations the phys-
ical model presents an overdamped Brownian particle
with the variable noise intensity defined by the diffusion
coefficient D2, moving in the nonstationary potential U .
The market mechanism that triggers such potential is
related to an imitation between traders increased up to
a critical the point and a panic reigning in a market in
the days of the crash. On the base of the empirical data
within the scope of the Markowian approximation the
Kramers-Moyal coefficients have been estimated with the
subsequent determination of the potential U(x, t). As it
has been shown the given model reproduces well enough
the best known empirical observations detected in the
days of the large financial crash of October 1987.
[1] R.N.Mantegna and H.E.Stanley, An Introduction to
Econophysics: Correlations and Complexity in Finance
( Cambridge University Press, Cambridge, 2000).
[2] J.-P. Bouchaud and M. Potters, Theory of Financial
Risks (Cambridge University Press, Cambridge, 2000).
[3] D. Sornette, Why Stock Markets Crash: Critical
Events in Complex Financial System(Princeton Univer-
sity Press, Princeton, 2003).
[4] J.L. McCauley, Dynamics of Markets: Econophysics and
Finance (Cambridge University Press, Cambridge, 2004).
[5] A. Johansen and D. Sornette, Eur. Phys. J. B1, 141
(1998).
[6] F. Lillo and R. Mantegna, Eur. Phys. J. B15, 603 (2000).
[7] D. Sornette, Phys. Rep. 378, 1 (2003).
[8] D. Sornette, A.Johansen and J.-P.Bouchaud, J. Phys. I
France. 6, 167 (1996).
[9] D.Sornette and A. Johansen, Physica. A 245, 411 (1997).
[10] A. Johansen and D.Sornette, Eur. Phys. J. B 9, 167
(1999).
[11] J.A. Feigenbaum and P.G.O. Freund, Int. J. Mod. Phys.
B 10, 3737 (1996).
[12] N. Vondewalle, M. Ausloos, Ph. Boveroux, and A.
Minguet, Eur. Phys.J. B 9, 355 (1999).
[13] F. Lillo and R.N. Mantegna, Phys. Rev. E 68, 016119
(2003).
[14] P. Weber, F. Wang, I. Vodenska-Chitkushev, S. Havlin,
and H.E. Stanley, Phys. Rev. E 76, 016109 (2007).
[15] M.C. Mariani and Y. Liu , Physica A 380, 307 (2007).
[16] L. Gazola, C. Fernandes, A. Pizzinga and R. Riera,
Eur.Phys.J.B 61, 355 (2008).
[17] J.-P. Bouchaud and R. Cont, Eur.Phys.J.B 6, 543 (1998).
[18] G. Bonanno, D. Valenti, and B. Spagnolo, Eur Phys. J.
B 53, 405 (2006).
[19] G. Bonanno, D. Valenti, and B. Spagnolo, Phys. Rev. E
75, 016106 (2007).
[20] A.A. Dragulescu and V. Yakovenko, Quant. Finance. 2,
443 (2002).
[21] C.W. Gardiner, Handbook of Stochastic Methods for
Physics, Chemistry and the Natural Sciences (Springer,
New York, 1997).
[22] R. Friedrich, J. Peinke, and Ch. Renner, Phys. Rev. Lett.
84, 5224 (2000).
[23] Ch. Renner, J. Peinke, and R. Friedrich, Physica A 298,
499 (2001).
[24] M. Ausloos and K.Ivanova, Phys. Rev. E 68, 046122
(2003).
[25] G.L. Buchbinder and K.M. Chistilin, Math. Model. 17,
31 (2005) (in Russian).
[26] A.P. Nawroth and J. Peinke, Physica A 382, 193 (2007).
[27] F.Ghasemi, M. Sahimi, J. Peinke, R. Friedrich, G.
R. Jafari and M.R.R. Tabar, Phys. Rev. E 75,
060102(R)(2007).
[28] F. Farahpour, Z. Eskandari, A. Bahraminasab, G.R. Ja-
fari, F. Ghasemi, V. Sahimi and M.R.R. Tabar, Physica.
A 385, 601 (2007).
[29] A.A.G. Cortines, R. Riera, and C. Anteneodo, Eur. Phys.
J. B 60, 385 (2007).
[30] G. Lim, S.Y. Kim, E. Scalas, K.Kim, and Ki-Ho Chang,
Physica. A 387, 2823 (2008).
[31] The data have been taken from
http://finance.yahoo.com.
